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Abstract - A general formulation of the perturbation procedure
applied to the eigenvalue problem for resonant frequencies in
crystal resonators under biasing deformations is given, with
explicit treatment of the case wherein an unperturbed resonant
frequency is degenerate. A rotated Y-cut quartz resonator with
degenerate thickness-shear modes (b-mode/c-mode crossover
point) is analyzed as an example. Results indeed show that
biasing fields can cause a degenerate frequency to split into
slightly different frequencies. This phenomenon may be
responsible in part for the jump discontinuities in frequency
temperature curves and other frequency jump phenomena.

I. INTRODUCTION

Piezoelectric resonators are widely used in commercial
and military electronics for the purposes of frequency
control and selection, and precise timing and
synchronization. The most basic level of the design of
piezoelectric resonators requires knowledge involving
frequency analysis of ideal resonators operating at room
temperature free from temperature change, stress and strain,
etc., which may be called the zero-order analysis and is
represented by Mindlin’s early work. However, devices
designed at this level are typically deficient in most
applications, and knowledge of the first-order effects on
frequency stability due to environmental effects like
temperature change, force, and acceleration which cause
biasing deformations in resonators are typically required for
a successful design. The first-order effects can be predicted
by Tiersten’s first-order perturbation integral [1]. The
perturbation integral is based on the linear theory for small
fields superposed on finite biasing fields in an electroelastic
body [2], which is a consequence of the fully nonlinear
theory of electroelasticity [3]. French researchers also
developed similar procedures systematically for analyzing
frequency shifts in resonators [4-7].

The first-order perturbation integral [1] for resonator
frequency shifts has been used widely to study the effects of
various biasing fields in BAW, SAW, and STW resonators.
The first-order perturbation integral is based on the
assumption that the unperturbed resonant frequency is
simple, i.e., there exists only one mode corresponding to the
particular frequency under consideration when the biasing
fields are not present. This assumption is also implicit in our
recent extension of the first-order perturbation theory to
higher-order perturbations [8]. Because of this assumption,
the case when the unperturbed resonant frequency is
degenerate, i.e., there exist two or more linearly independent
modes for the same frequency when the biasing fields are
not present, cannot be treated by the first-order perturbation
integral in [1]. Degenerate modes usually occur when there
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exist certain geometric and material symmetries in the
acoustic problem. For example, the fundamental b-mode
(fast shear) and the fundamental c-mode (slow shear) of a
rotated Y-cut quartz plate have the same frequency for
certain cuts of the crystal, and the sixth b-mode of an AT-
cut quartz plate has a frequency very close to the frequency
of the seventh c-mode and the difference between the
frequencies may disappear under certain biasing fields [6].

The presence of biasing fields may cause a degenerate
frequency to split into different frequencies [9]. This
phenomenon requires a separate treatment than the
perturbation procedure in [1]. Consequently, in this paper
we extend the perturbation theory in [1] to the case of
degenerate acoustic eigenmodes within the theory of
anisotropic elasticity. A general formulation of the
perturbation procedure applied to the eigenvalue problem
for resonant frequencies in crystal resonators under biasing
deformations is given, with explicit treatment of the case
wherein an unperturbed resonant frequency is degenerate. A
rotated Y-cut quartz resonator with degenerate thickness-
shear modes (b-mode/c-mode crossover point) is analyzed
as an example. Results indeed show that biasing fields can
cause a degenerate frequency to split into slightly different
frequencies. This phenomenon may be responsible in part
for the jump discontinuities in frequency temperature curves
and other frequency jump phenomena [10]. Sec. II of this
paper gives a summary of the governing equations for small,
dynamic fields superposed on finite, static biasing fields in
an anisotropic elastic body. A general formulation of the
perturbation procedure then is given in Sec. IIl. In Sec. IV,
calculations are performed for a rotated Y-cut quartz
resonator as an example. Some discussions and comparisons
are made in Sec. V. Finally, a few conclusions are drawn in
Sec. VL.

II. CRYSTAL RESONATORS UNDER BIASING FIELDS

For the vibration of a crystal resonator under biasing
fields, the theory for small, incremental deformations
superposed on finite biasing deformations in an
electroelastic body [2] is needed and is summarized in this
section. For materials like quartz with weak piezoelectric
coupling, the piezoelectric contribution can be neglected
and an elastic analysis is sufficient for many analyses. The
Cartesian tensor notation, the summation convention for
repeated tensor indices and the convention that a comma
followed by an index denotes partial differentiation with
respect to the coordinate associated with the index will be
used. A superimposed dot represents the time derivative.



Consider the following three configurations of an elastic
body as shown in Fig. 1.

A. The Reference Configuration

At this state the body is undeformed. A generic point is
denoted by X with rectangular coordinates Xi. The mass
density in the reference configuration is denoted by py. The
body occupies a region V with boundary surface S and unit
exterior normal N.

B. The Initial Configuration

In this state the body is deformed statically and finitely. The
position of the material point associated with X is given by
Xq = x4X). The initial displacement is given by w = x—X.
The initial deformations are also called the biasing
deformations. They satisfy the following static equations of
nonlinear elasticity

0o _ 0 _ 0 0 _ O0X
Kok =0 Kgo =YoarTxr Tgp=—]
gy | o
EY =( ~8x1)/2 1
kL =Yoo, KXo, L —OKL (1)

= (WK,L + WL,K + WN,KWN,L )/2,

where £ = X (E) is the strain energy density function and E
the finite strain tensor.

C. The Present Configuration

To the deformed body at the initial configuration, time-
dependent small deformations are applied. The final
position of the material point associated with X is given by
vi = y{X,?). The small, incremental displacement vector is
denoted by u = y—x. The equations of motion for the
incremental fields are

N
Reference

W (Biasing) [nitial

(V8]

u (Incremental)

Fig. 1  The reference, initial and present configurations of

an elastic body.
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where 8¢y is the Kronecker delta. We note that the

incremental stress tensor depends linearly on the
incremental displacement gradient. The effective material
constants GKocLy depend on the biasing deformation x(X)

or w(X) which is assumed known from solving the biasing
deformation problem (1).

D. Small Biasing Deformations

In many applications the biasing deformations are
infinitesimal. Small biasing deformations can be calculated
from the linear theory of elasticity, or the following linear
version of (1)

0 _ 0 _ 0
Kgax =0 Kgg =darlyy
0 0 0 3
TKL = CIJKLEKL’ EKL = (WK,L + WL’K)/z,
where Jyy is the Kronecker delta when the Cartesian
coordinate systems of X; and x, are coincident, and ¢ 4pcp

are the second-order fundamental elastic constants. In order
to include completely the lowest-order effect of biasing
deformations, the following strain energy density function is
needed to calculate the effective elastic constants Gy in

2

1 1
Z(EKL) = ECABCDEABECD + ECABCDEFEABECDEEF
4)

where ¢ pcppr are the third-order fundamental elastic

constants. For small biasing deformations we write the
small biasing displacement as €W, where ¢ is a small

parameter. Then, up to the order of & we have the following
expression for Ggqry

GKalLy = ¢KoLy + €CKoly
CKaly = CKoLNWy,N + CKMLyWo,M (5
+CKoLyABWA,B + CKLABW4,BOqy-



III. PERTURBATION ANALYSIS OF
DEGENERATE RESONANT FREQUENCIES

For time-harmonic problems with frequency @, with
successive substitutions, (2) can be written as an eigenvalue
problem in the following form

l(CKocLy + EéKocLy )uY’LJ,K +Apoug =0 in V,
ug =0 on S, (6)
Ng (CK(XLY + 85KocLy)My,L =0 on S,

where A=, SjuS; =8, NSy =0, and we have
included boundary conditions. We note that the small
parameter also appears in the boundary conditions.
Resonant frequencies and modes are nontrivial eigen-
solutions to (6). The modes can be normalized by
<u;pou> = 1 with respect to the following inner product of
two vectors

<Swv>=[p ugvedV . @)

We are interested in the case of an eigenvalue ¢ which
is N-fold degenerate (with multiplicity N) when there are no
biasing deformations or € = 0, i.e., there are N linearly

independent eigenvectors U g’) (n = 123,...,N)
corresponding to 4 such that

(CKochUx((,nL)j K +upoUy =0 in v,

U((xn)z() on S, (®)

NKCKOLLYU;I}J):O on S2,
n=123,---,N.

We want to determine how x and U é") are affected by the
biasing deformations as governed by (6). In this case with
degeneracy we cannot expect the individual eigenvectors to
vary continuously with £unless we have selected the system
of unperturbed eigenvectors for the degenerate eigenvalue in
a suitable way [9]. Accordingly, we assume [9]

Az=u+ey,

N
ug = 3 YUl ey, ©)

n=l1

where vand V, are perturbations of the eigenvalue and the

eigenvectors due to the biasing deformations, and }/(") are

undetermined constants. Substituting (9) into (6), collecting
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coefficients of terms linear in &€ we obtain

N
(ckoLyVy ).k *(CKoLy ZIY(") U ;"L) )K
n:

N
+1poVe +VPo Zlv(”)U&")=0 in v o
n=

Voo =0 on Sy,
fe S ()
NK(CK(XLYV,Y’L-FCKOCLYZ’Y UY,L)=O on Sz.
n=1

Multiplying both sides of (10); by U ém) through the inner

product in (7), with integration by parts, using (8) and the
boundary conditions (10), 3, we have

N

Z(A(mn)—VB(mn))Y(n)=0, (11)
n=1
where

A <, CAKaLyU&f%U\((,nL) av =4,

B =1, pUG UM ay =< pou(™) ;u(") 5= p(mm).
(12)

If the unperturbed eigenvectors are normalized by

<poU™ U™ >=§("™") where §(™") is the Kronecker

delta, then B(™") = &(™") From (11), perturbation of the
eigenvalue can be determined as roots of the characteristic
equation

| A(mm) _yp(mn) = ¢ (13)

The above perturbation analysis is for the eigenvalue

A =@ . For @we make the following expansion
0=y +E0, (14)

where @, is the frequency when € = 0, or when the biasing
fields are not present. Then

X:wzz(w0+ea))25u+ev. (15)

From the terms linear in €in (15) we have

B=— . (16)

2(1)0



IV. AN EXAMPLE

As an example of the perturbation procedure in Sec. 111,
we consider thickness-shear vibrations of a rotated Y-cut
quartz plate (Fig. 2) under biasing deformations.

A. Biasing Deformations

The biasing deformations are assumed to be small and
are governed by the linear theory of anisotropic elasticity
(3). We consider biasing deformations caused by the
following planar state of stress

Ty =1) =T =0,

a7
T, 10, T 30, and T. 50 are constants.
We note that the above state of stress satisfies the traction
free boundary conditions at the major surfaces of the plate,
the equilibrium and the compatibility equations of elasticity
and is therefore a stress solution to the equations of
elasticity. The nature of this state of planar stress is not
specified here, which may be due to electrode film stresses
or averages of stresses due to a pair of applied diametrical
forces, etc. The strain components corresponding to (17) can
be calculated from

0 _
Ep=spq

9, pg=12:-6, (18)
where s, is the compliance matrix. For rotated Y-cut quartz
values of s, can be found from [11] and tensor
transformation. It has been known that the change in the
resonant frequency due to a homogeneous, infinitesimal
rigid biasing rotation vanishes. Therefore we select the
homogeneous rigid rotation to vanish. Then the biasing
displacement gradients are simply given by [12]

ewg =Ev . (19)

0 0 0 0
0_7\’4Tl —7»3T3 0_}L2Tl —7\,1T3

ovia =2 ™ 3 ds =g
0 ¢ 0 0 0 0
Ed=— % 710 E)=-vyE)-viE], (1)

2
€55C66 — Csq

0_ 0 0 0_ €56 0
Ey =—VvqE] —vg3E3, Eg _2—T5 ,
C56 — 5566

where
Ay =cy1—c12Va1 —€14V41, Ay =c13-C23V21 —€34V4],
A3 =c13-c12V3 —C14V43, Ag =33 —C23V23 —C34V43,
_ C12C44 —C14C24 _ €23C44 —C24C34
V21 = 2 - Va3 = 2 (22)
€22€44 —Cpy €22€44 —Cpy
_ €34€0) —€23¢24
S
€22€44 —Cpy

€14€22 —€12¢€24
V4 =———5, V43

€22€44 —Coy
B. Unperturbed Thickness-Shear Modes

Consider the plate in Fig. 2, which is unbounded in the
X, and X; directions. The two major surfaces of the plate are
traction free. For such a plate harmonic thickness vibrations
independent of X and X, exist. The displacement equations
of motion for thickness vibrations can be written in the
following form corresponding to (8)

ce6U1,22 +HpoU1 =0,

¢22U322 +¢24U3 22 +1polUs =0, (23)
¢24U2 22 +¢44U3 23 +UpoU3 =0,

where u is the square of the unperturbed frequency. From
(23) and the traction free boundary conditions the

fundamental mode for thickness-shear in the X; direction
(denoted by TSh1) is found to be

1

For rotated Y-cut quartz the stiffness matrix takes the

following form [13]
cr c2 €3 ¢4 0 0
a1 ¢ 23 ¢4 0 0
31 ¢32 ¢33 ¢3¢ 0 0 20)
c41 c42 c43 caq 00
0 0 0 0 Cc55 €56
0 0 0 0 065 066

In such a case, instead of using the compliance matrix, the
stiffness matrix can be easily inverted to obtain expressions
for strains in terms of stresses
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2
HZR—%S, vV = ol gsin X2 (24)
4p0h 0
X5
Traction free
2h > Xi
‘/X~ Traction free
Fig.2 A rotated Y-cut quartz plate.
4



We consider a portion of the plate of length 2a and width 25
in the X; and X, directions, respectively. Then the
coefficient 4 in (24) can be determined from the

normalization condition < pOU(U ;U(l) >=1 as

1

J4poabh

It can be seen from below that the above choice of @ and b
for normalization will not affect the solutions on frequency
shifts. For rotated Y-cut quartz, the thickness-shear in the X3
direction is coupled to flexure. In addition to u3, there is also
a u, displacement component which is usually small. It may
be called a quasi-thickness-shear mode and may be denoted
by TSh3. The fundamental quasi-thickness-shear in the X;
direction is found to be

A= 25)

0

2—
X

u:“i‘z" u(® =lelpsint22 (26)

4p0h 1
where
—— 3 —ens )2 4402
C44 = | Ca4 T2 (c2p —c44)” +4cyy, |,

(27)

B=— L1 4 g4

\/1+§2 Cyq — €22

and & is usually a small number. ¢,, may be called an

effective shear elastic constant. ¢ and C,, or the two

frequencies in (24) and (26) are different in general and they
depend on 6 of the rotated-Y-cut plate as shown in Fig. 3. It

can be seen that when 6= 23.7° we have ¢, = C 44 and the

two frequencies become equal. In this case the modes in
(24) and (26) are modes of the same degenerate frequency.

C. Frequency Shifts

From (12), (24) and (26) we have

11 ¢
A1)y C2121
66
u

4(12) _
\/1+§2

82122 +€2123 _ ,(21)
C66

(28)

2. R .

4(22) _ W &7 +28¢9093 + €323
1+E2 <66

B(mn) :S(mn)l
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Fig.3 c¢eand c,, for arotated Y-cut quartz plate
as a function of the orientation angle 6.

where

2121 = (2c66 + c21 + 61 )E10 +(c22 + ce62 )Eg
+(c23 + 63 )Eg +(c24 + co64 )Ef;)
+(ca6 + c25 + co65 )Eg + (226 + ce66 )Eg ,
2122 = (c6 + 6’126)5{) +(c26 + 0226)E3 + 0236E§)
+(cag /2 +ca6 )E2 +(coa /24 c56 )Eg
+(con /24 g6 /2 + 0266)Eg:
¢2123 = (ca6 + c146 )Elo + 024653 +(ca6 + 346 )Eg
+(co6 /2 + caag )Eg +(can/2+ceg/2+ 0456)E2
+(co4 /2 + caq6 )Eg,

¢ = (eo1 + e )E10 +(3cpn + 222 )Eg +(c23 + 23 )Eg

+(2c24 + ¢4 )Eg +(co5 + 0225)52 +(2¢26 + 226 )E60 ,

€322 = 0241EP +(c24 + 242 )Eg +(coa + 0234)E§)
+(cop /24 cqq /24 coaa )Eg +(cog /2 + ca4s )Eg
+(cq6/2+ 246 )EL,
¢a323 = (a1 + C441)E10 +(con +cann )Eg
+(c23 +2¢c44 + caa3 )Eg +(2c24 + 444 )Eg

+(c25 + ca6 + cass )Eg +(c26 + cas6 )Eg -
(29)

The eigenvalue problem (11) takes the following form



A0V
4(12)

4120 ][4V
=0. 30
A2y |1y (30)

From (30) two eigenvalues and eigenvectors can be
obtained which determine the frequency shifts and the
corresponding unperturbed modes.

For quartz p = 2649 kg/m’. The second-order elastic
constants, in units of giga Pascals (GPa), with respect to the
crystallographic axes are [13]

8674 699 1191 —1791 0 0
699 8674 1191 1791 0 0
[ et 1191 1072 o 0 0
P47 _1791 1791 0 5794 0 0
0 0o 0 0 5794 —17.91
0 0o o0 0 —1791 39.88
3D

The fourteen independent third-order elastic constants of
quartz, also in units of GPa are [14]

c111 =210, cy1p =-345, c113=+12, c114 =-163,
€123 =-294, cip4 =-15, c133=-312, ci34 =42,
c144 =—134, c155 =-200, cppp =332, c333 =-815,
c344 =—110, cq44 =276

(32)

The other seventeen nonzero third-order elastic constants
are given by the following relations [15]

1
€122 =c111 +¢112 —€222, 015625(0114 +3¢124 )

1

€166 =Z(—26’111 —cr12+3¢022), 204 =—C114 —2¢124,
1 1

€256 =5(0114 —c124) €266 =Z(20111 —C112—¢222 )

1 1
€366 =5(0113 —c123),  c456 == (—Cla4 +¢155),

2
€223 =113, €233 = €133, €234 =—C134,
€244 = €155, €255 =C144> €355 =C344,
€356 =134, €455 = —C444., C466 =C€124-

(33)

From (31-33) and the tensor transformation rules the
second- and third-order elastic constants of rotated Y-cut
quartz can be obtained systematically for any 6.

In Fig. 4, the frequency shift of the two modes in (24)

and (26) due to T10 (TSO =T50 =0) is shown. As

expected, the biasing stress causes the degenerate frequency
of the two modes to split into two slightly different
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frequencies. Under the assumption of small biasing fields,
with the third-order elastic constants for a complete
prediction of the first-order effect of the biasing fields, the
dependence of frequencies on biasing fields is linear.

Frequency shifts due to a single stress component T30 or
T50 are shown in Figs. 5 and 6, respectively. Frequency

shift due to planar isotropic stress TIO =T 30 =Ty (T ) )

200.0 +
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TShl

100.0 4

50.0 +
7,° (MPa)
0.0 ¢ ; : : t !
0p 0.2 0. _ 0.8 1.0 1.2
-50.0 +
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TSh3

-100.0 L
: : 0 0_+0_
Fig. 4 Frequency shifts versus 7" (I3 =75 =0).
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Fig. 6  Frequency shifts versus T. 50 (T, 10 =T 50 =0).
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is shown in Fig. 7. We note that biasing stresses may cause

the frequencies to shift in the same or opposite directions.
Fig. 8 shows a plate under uni-directional stress 7 at an

angle y. The tensor components of such a stress state are

T
Tl0 :70(1+cos2l|f)

T
Ty = 70(1 —cos2y) (34)
TSO = %silﬂw

The frequency shift versus y for a fixed value of 7, is
shown in Fig. 9. The curves are periodic with a period of 7.

V. DISCUSSION

The piezoelectric plate resonator is, in the most basic
sense, comprised of a traveling wave in a propagation
medium and a confinement structure. In this case, the
piezoelectric substrate is the propagation medium. The
confinement structure is formed by the abrupt acoustic
impedance mismatch between the propagation medium and
air or vacuum at the surfaces of the plate. This view is
significant in that we immediately recognize similarities
between acoustic and atomic resonators. For example, aside
from subtle differences in the propagation medium, the
infinite flat-plate acoustic resonator is fundamentally similar
to the “particle-in-a-box” model of an atomic resonator.

The perturbation approaches used to analyze more
complicated acoustic and atomic resonators are also similar.
However, one of the key differences between the acoustic
and atomic cases is the presence of symmetry-related
degeneracies in atomic resonators (e.g., three equivalent p-
orbitals). A corresponding phenomenon has yet to be
identified in piezoelectric resonators, hence the perturbation
theory for acoustic resonators was initially developed for
distinct eigenvalues, while that for atomic resonators has
been developed taking into account degenerate eigenvalues.
In fact, some of the well known band-splitting effects in
atomic resonators (e.g. Stark and Zeeman effects) arise
directly from the application of an external bias to a
degenerate resonance.

The degenerate acoustic eigenmodes studied in this
paper are largely of academic interest. Of greater
significance are experimental data on frequency jumps such
as in Fig. 10 [16]. Such data appear to indicate the presence
of an acoustic resonator fine structure, which in the case of
Fig. 10 would be two stable states separated by Af/f ~ 107"°.
In order establish a theoretical basis for such effects, we
have here developed an appropriate perturbation theory for
degenerate acoustic eigenmodes. In subsequent work, we
will examine possible sources of previously unrecognized
degenerate acoustic eigenmodes, and the resulting
possibilities for an acoustic resonator fine structure.
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Figure 10. Abrupt frequency changes in 5-MHz BVA
resonators [16].

It is worthwhile to note that the mathematics underlying
the perturbation effects are generic and applicable to any of
the myriad of possible biasing stresses, whether electrical,
magnetic, mechanical, thermal, etc. In this sense, the
perturbation approach provides an elegant means to state a
“unified theory of deformation sensitivity” in which each
potential bias is a special case corresponding to the specific
cause of the present deformation, but the effects of a
particular deformation are independent of how it was
caused.

VI. CONCLUSIONS

We have obtained a general formulation for
perturbation of a degenerate resonant frequency of a crystal
resonator. It is shown by an example that a degenerate
frequency may split into different frequencies due to biasing
fields. The formulation in this paper for a degenerate
frequency in an anisotropic elastic body is being generalized
to electroelastic bodies by the same authors.
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